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ARITHMETIC OF SINGULAR ENRIQUES SURFACES
KLAUS HULEK AND MATTHIAS SCHU¨TT
Dedicated to the memory of Eckart Viehweg
Abstract. We study the arithmetic of Enriques surfaces whose universal
covers are singular K3 surfaces. If a singular K3 surface X has discriminant
d, then it has a model over the ring class field H(d). Our main theorem is
that the same holds true for any Enriques quotient of X. It is based on a
study of Ne´ron-Severi groups of singular K3 surfaces. We also comment on
Galois actions on divisors of Enriques surfaces.
1. Introduction
Enriques surfaces have formed a vibrant research area over the last 30 years.
In many respects, they share the properties of K3 surfaces, yet in other aspects
they behave differently. This twofold picture is illustrated in this paper which
investigates arithmetic aspects of Enriques surfaces.
The arithmetic of Enriques surfaces is only partially well-understood. For
instance, Bogomolov and Tschinkel proved that potential density of rational
points holds on Enriques surfaces [4]. The cited work predates all substantial
progress on K3 surfaces in the same direction. In fact, until now the corre-
sponding statement for K3 surfaces has not been proved in full generality.
In this paper, we investigate the arithmetic of those Enriques surfaces whose
universal covers are singular K3 surfaces, i.e. K3 surfaces with Picard num-
ber ρ = 20. We will refer to them as singular Enriques surfaces. Singular
K3 surfaces are closely related to elliptic curves with complex multiplication
(CM). These structures will be crucial to our investigations; often they explain
arithmetic properties of singular K3 surfaces (see Sections 3 and 6).
We point out one particular property that illustrates these relations: the field
of definition. A singular K3 surface of discriminant d has a model over the ring
class field H(d) just like elliptic curves with CM in an order of discriminant d
by [20, Prop. 4.1]. Our main theorem states how this property carries over to
Enriques surfaces:
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Theorem 1.1. Let Y be an Enriques surface whose universal cover X is a
singular K3 surface. Let d < 0 denote the discriminant of X. Then Y admits
a model over the ring class field H(d).
The proof of Theorem 1.1 consists in two steps: first we establish a general
result for automorphisms of K3 surfaces over number fields (Proposition 2.1);
then we extend the afore-mentioned results for fields of definition of singular K3
surfaces to include their Ne´ron-Severi groups (Theorem 2.4). Here we combine
two approaches that both rely on elliptic fibrations. In Section 3 we review
the theory of singular K3 surfaces and use Inose’s pencil and the theory of
Mordell-Weil lattices to deduce Theorem 2.4 for most singular K3 surfaces (see
Remark 3.8). On the other hand, Section 4 provides a direct approach for those
singular K3 surfaces which are Kummer (Corollary 4.2). Through Shioda–Inose
structures, we then connect the two partial results and are thus able to give a
full proof of Theorem 2.4 (see 4.6).
In Section 5 we address explicit questions. Lattice theoretically one can deter-
mine all singular K3 surfaces that admit an Enriques involution. With 61 or
62 exceptions, we give an explicit geometric construction of an Enriques invo-
lution on these singular K3 surfaces. This construction combines Shioda-Inose
structures (3.2) and the base change approach from [9, §3].
In Section 6 we discuss the problem of Galois action on Ne´ron-Severi groups.
In this context, a different picture arises for Enriques surfaces than for K3
surfaces. The paper concludes with a formulation of several interesting classi-
fication problems for Enriques surfaces and K3 surfaces.
Acknowledgements: We would like to thank Bas Edixhoven and Jaap Top for useful com-
ments. We are grateful to the referees for many helpful suggestions and remarks. This project
was started when the second author held a position at University of Copenhagen.
2. Automorphisms of K3 surfaces
2.1. Basics about K3 surfaces and Enriques surfaces. This paper is con-
cerned with complex algebraic K3 surfaces and Enriques surfaces. Here we
briefly review their basic properties. For details the reader is referred to [1,
Chapter VIII]; information and examples relevant for this paper can also be
found in [9].
A K3 surface X is a smooth projective surface with trivial canonical bundle
ωX ∼= OX that is simply connected. The classical example consists in a smooth
quartic in P3; here we will mostly work with elliptic K3 surfaces and Kummer
surfaces.
In terms of the Enriques–Kodaira classification of algebraic surfaces, a complex
Enriques surface Y is a smooth projective surface with vanishing irregularity
q(Y ) = h1(Y,OY ) = 0 and ω⊗2Y = OY , but ωY 6= OY . Equivalently Y is the
quotient of a K3 surface X by a fixed point free involution τ . Conversely the
K3 surface X can be recovered as the universal covering of Y .
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The Ne´ron-Severi group NS(S) of an algebraic surface S is the group of divisors
up to algebraic equivalence. Here we identify divisors moving in families such
as fibers of a fibration. The Ne´ron-Severi group is finitely generated abelian;
its rank is called the Picard number and denoted by ρ(S). In essence, NS(S)
encodes the discrete structure of the Picard group of S. The intersection pairing
endows NS(S) with a quadratic form that also induces the notion of numerical
equivalence.
On a K3 surface algebraic and numerical equivalence coincide, and NS(S) is
torsion-free. Equipped with the intersection form, it becomes an even lattice
of signature (1, ρ(S) − 1), the Ne´ron-Severi lattice. On an Enriques surface,
however, algebraic and numerical equivalence do not coincide, as in NS(Y )
there is two-torsion represented by the canonical divisor KY . The quotient
gives the torsion-free group of divisors up to numerical equivalence:
Num(Y ) = NS(Y )/{0,KY }.
The intersection pairing endows Num(Y ) with a lattice structure. Contrary to
the K3 case, this lattice has always the same rank and abstract shape:
Num(Y ) = U + E8(−1), rank(Num(Y )) = 10
where U denotes the hyperbolic plane Z2 with intersection pairing
(
0 1
1 0
)
and
E8 is the unique even unimodular positive-definite lattice of rank 8. The −1
indicates that the sign of the intersection form is reversed so that Num(Y ) has
signature (1, 9) as predicted by the Hodge index theorem.
The Torelli theorem [18] reduces many investigations of complex K3 surfaces X
to a study of H2(X) with its different structures as lattice or Hodge structure.
By the cycle class map, H2(X) contains an algebraic part coming from NS(X).
The orthogonal complement of NS(X) in H2(X,Z) is called the transcendental
lattice:
T (X) = NS(X)⊥ ⊂ H2(X,Z).
As another characterisation, T (X) is the smallest primitive sublattice ofH2(X,Z)
that contains the (up to scalar unique) 2-form ηX after complexifying.
2.2. Surfaces over number fields. We will consider complex surfaces S that
admit a model over some number field. This arithmetic setting brings up the
natural question whether geometric objects such as NS(S) or the automorphism
group Aut(S) are defined over the same field. The problem is as follows:
Let X be a complex K3 surface defined over a number field L. The action of
its absolute Galois group GL = Gal(L¯/L) on NS(X) factors through a finite
extension M/L. We say that NS(X) is defined over L if M = L, i.e. if GL
acts trivially on NS(X). Throughout this paper, we will verify this property
by exhibiting a set of generators of NS(X) each of which is defined over L. In
fact, for elliptic surfaces with section (which we will mostly be concerned with),
both conditions are equivalent.
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The same terminology is employed for an Enriques surface Y by saying that
NS(Y ) or Num(Y ) is defined over a number field L if GL acts trivially.
Let ψ be an automorphism of a complex K3 surface X. Since we assumed X to
be algebraic, the induced automorphism ψ∗ acts as multiplication by a root of
unity ζ on the holomorphic 2-form ηX . We assume that X is defined over some
number field. The next proposition gives a criterion for the field of definition
of ψ. This criterion will be crucial for the proof of Theorem 1.1.
Proposition 2.1. Let X be a K3 surface over some number field L. Let ψ ∈
Aut(X) and ζ ∈ Q¯ such that ψ∗ηX = ζηX . Assume that NS(X) is defined over
L and ζ ∈ L. Then ψ is defined over L.
Proof. We first need to show that ψ is defined over some number field. Es-
sentially this holds true because the automorphism group of any algebraic K3
surface is discrete by [35, Thm. 0.1]. The general idea is well-known: if the
field of definition of ψ were to require a transcendental extension of L, then the
transcendental generators of this extension could be turned into parameters, so
that ψ would come in a non-discrete family of automorphisms.
Now suppose that ψ is defined over some finite extension M/L. We want to
apply the Torelli theorem [18] to ψ and its conjugates to deduce that M = L.
For this purpose, we assume without loss of generality that M/L is Galois. Let
σ ∈ Gal(M/L). Then ψσ ∈ Aut(X), and we claim that ψ = ψσ . Explicitly we
can write
ψσ = σ ◦ ψ ◦ σ−1.
By the Torelli theorem, it suffices to verify the claim for the induced action on
NS(X) and T (X). For NS(X) this follows directly from the fact that σ and
σ−1 act trivially by assumption. For T (X), it suffices to check the action on
the holomorphic 2-form. One has
(ψσ)∗(ηX) = (σ−1)∗ ◦ ψ∗(ηX) = (σ−1)∗(ζηX) = ζσηX = ψ∗(ηX)
since ζ ∈ L. Hence ψ∗ = (ψσ)∗ on H2(X,Z), and the claim ψ = ψσ follows
from the Torelli theorem [18]. In consequence, ψ is defined over L. 
Remark 2.2. The conditions of Proposition 2.1 are sufficient, but not necessary.
For instance, we exhibited a K3 surface with an Enriques involution over Q,
but with NS(X) defined over Q(
√−3) in [9, §5.3] (see also 6.3).
2.3. Enriques involutions. Proposition 2.1 has an immediate impact on in-
volutions, and in particular on Enriques involutions. Namely for an involution
ψ, the eigenvalue of ηX can only be ζ = ±1, so Proposition 2.1 only requires
the Ne´ron-Severi group of the covering K3 surface to be defined over L:
Corollary 2.3. Let X be a K3 surface over some number field L. If NS(X) is
defined over L, then so is every involution on X. In particular, this holds for
Enriques involutions.
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Theorem 1.1 requires some concepts that we will discuss in detail in the next
section. It concerns K3 surfaces with Picard number 20, the so-called singular
K3 surfaces (see 3.1). By definition, the discriminant of a singular K3 surface
X is the determinant of the intersection form on NS(X). For a singular K3
surface, the discriminant d gives rise to a very particular number field, the ring
class field H(d) as we discuss in 3.4. In order to deduce Theorem 1.1, it suffices
to combine Corollary 2.3 with the following result for any singular K3 surface
(admitting an Enriques involution):
Theorem 2.4. Let X be a singular K3 surface of discriminant d. Consider the
ring class field H(d). Then X admits a model over H(d) with NS(X) defined
over H(d).
The statement about a model over the ring class field H(d) has been known
before (cf. [20, Prop. 4.1]), but the extension for the Ne´ron-Severi group seems to
have gone unnoted until now. A proof will be given in the next two sections after
reviewing the previous relevant results on singular K3 surfaces. We conclude
this section with a direct corollary:
Corollary 2.5. Let Y be an Enriques surface whose universal cover X is a
singular K3 surface. Let d < 0 denote the discriminant of X. Then Y admits
a model over the ring class field H(d) with Num(Y ) defined over H(d).
The corresponding statement for NS(Y ) does not hold true in general, as we will
discuss within the framework of Galois actions on divisors in 6.4 (see Example
6.10, Corollary 6.14).
3. Arithmetic of singular K3 surfaces
This section will review those parts of the theory of singular K3 surface that
are relevant to our issues. The section culminates in Lemma 3.7, the main step
towards the proof of Theorem 2.4. It is based on Shioda-Inose structures and
Inose’s fibration. All the required techniques will be explained along the way.
3.1. Singular K3 surfaces. A complex K3 surface X is called singular if its
Picard number ρ(X) = rankNS(X) equals the maximum number allowed by
Lefschetz’ theorem:
ρ(X) = h1,1(X) = 20.
Singular K3 surfaces involve no moduli, so the terminology ”singular” should
be understood in the sense of exceptional (just like for singular j-invariants
of elliptic curves with complex multiplications, a similarity that will become
clear very soon). We will discuss fields of definition of singular K3 surfaces in
3.4. Recently singular K3 surfaces over Q have gained some prominence due
to modularity; namely, in analogy with the Eichler-Shimura correspondence
between modular forms of weight 2 and elliptic curves over Q, for any suitable
modular form of weight 3 there is a singular K3 surface over Q associated
(cf. [6]).
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By the Torelli theorem [18], [32], singular K3 surfaces are classified up to iso-
morphism by their transcendental lattices. For a singular K3 surface, the tran-
scendental lattice is even and positive definite of rank two and endowed with
an orientation. Up to conjugation in SL2(Z), we identify it with the quadratic
intersection form
Q(X) =
(
2a b
b 2c
)
(1)
with integer entries a, c ∈ N, b ∈ Z and discriminant d = b2 − 4ac < 0. This
number equals the determinant of the intersection form on NS(X); we refer
to it as the discriminant of X. By the Torelli theorem [18], [32] two singular
K3 surfaces are isomorphic if and only if the transcendental lattices admit an
isometry preserving the orientation (or equivalently the quadratic forms are
conjugate in SL2(Z)).
The classical example for a singular K3 surface is the Fermat quartic in P3.
Here we give an alternative example in terms of an elliptic fibration that will
reappear later in this paper in another context (5.7). Our treatment draws on
the theory of elliptic surfaces; all relevant concepts can be found in [23] for
instance.
Example 3.1. Consider the universal elliptic curve for Γ1(6):
E : y2 + (t− 2)xy − t(t− 1)y = x3 − tx2.
Here a point of order six is given by (0, 0). E gives rise to a rational elliptic
surface S over P1. By Tate’s algorithm [36], S has the following singular fibres
in Kodaira’s notation:
fibre I6 I3 I2 I1
t ∞ 0 1 −8
Any quadratic base change f of P1 gives rise to a K3 surface X. Generally
ρ(X) ≥ 18 by the Shioda–Tate formula [29, Cor. 5.3], but one can increase the
Picard number conveniently by infering ramification points at singular fibres.
For instance, setting t = −8s2/(s2 − 1) yields an elliptic K3 surface X with
three singular fibres of type I2 and I6 each, and thus ρ(X) = 20 over C again
by the Shioda-Tate formula and the Lefschetz inequality ρ(X) ≤ h1,1(X). On
X, there are two additional two-torsion sections with x-coordinate −4s2(3s ±
1)(s∓ 1)/(s2 − 1)2. General theory shows that the singular fibres do not allow
any further torsion in the Mordell-Weil group. Over C one obtains MW(X) =
Z/2Z × Z/6Z.. It follows that X is the universal elliptic curve for the group
Γ1(6) ∩ Γ(2). By [23, 11.10 (22)], NS(X) has discriminant −12. With the
discriminant form a` la Nikulin [15, Prop. 1.6.1 & Cor. 1.9.4], one can then
compute the transcendental lattice with intersection form Q(X) = diag(2, 6)
(in agreement with the tables in [27]).
3.2. Shioda-Inose structure. In order to prove the surjectivity of the period
map, mathematicians first considered Kummer surfaces. However, singular
abelian surfaces (with ρ(A) = 4) cannot possibly yield all singular K3 surfaces
as Kummer surfaces because the transcendental lattice of a Kummer surface
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is always two-divisible as an even lattice. In detail, the intersection form is
obtained from T (A) by multiplication by 2:
T (Km(A)) = T (A)(2).
This problem of non-primitivity was overcome by Shioda and Inose in [32].
Generally they considered two elliptic curves E,E′. Their product is an abelian
surface A = E × E′ and yields the Kummer surface X ′ = Km(E × E′). Over
C, the Picard numbers depend on whether E and E′ are isogenous (E ∼ E′) or
have complex multiplication (CM):
ρ(A) =


2, if E 6∼ E′;
3, if E ∼ E′ without CM;
4, if E ∼ E′ with CM.
ρ(X ′) = ρ(A) + 16.(2)
The Kummer surface X ′ admits several jacobian elliptic fibrations. For in-
stance, the projections onto the factors E and E′ induce two isotrivial elliptic
fibrations on the Kummer surface X ′ that we will analyse in Section 4. In [32,
§2], a jacobian elliptic fibration with a fibre of type II∗ was found on X ′. It
has exactly two further reducible fibres of the following types:
2I∗0 E 6∼= E′,
I∗0 , I
∗
1 E
∼= E′, j(E) 6= 0, 123,
2I∗1 j(E) = j(E
′) = 123,
I∗0 , IV
∗ j(E) = j(E′) = 0.
Starting from this elliptic fibration, we proceed with the quadratic base change
f : P1 → P1
that ramifies exactly at the above two reducible singular fibres. Since both
ramified fibres are non-reduced, the base change applied toX ′ results in another
elliptic K3 surface X. By construction, the elliptic K3 surface X has two fibres
of type II∗ and possibly some reducible fibres of type I2 or IV depending
on the above cases. The Kummer surface X ′ can be recovered from X as
(the desingularisation of) the quotient by the involution of the double cover
X 99K X ′. (In [9] we abused terminology by referring to this involution as
deck transformation, but here we will call it base change involution.) The base
change involution is a Nikulin involution that composes the involution on the
base curve P1 with the hyperelliptic involution on the fibres:
A
%%
L
L
L
L
L
L X
yyr
r
r
r
r
r
Km(A) = X ′
The gist of this construction is that the K3 surface X recovers the transcen-
dental lattice of the abelian surface A:
T (X) = T (X ′)(1/2) = T (A).(3)
Morrison coined the terminology Shioda-Inose structure for such a setting:
abelian surface and K3 surface with the same transcendental lattice such that
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Kummer quotient and Nikulin involution yield the same Kummer surface. He
developed lattice theoretic criteria to decide which K3 surfaces of Picard number
ρ ≥ 17 admit a Shioda-Inose structure [13, §6].
3.3. Surjectivity of the period map. The surjectivity of the period map
requires to exhibit singular K3 surfaces for any quadratic form Q as in (1). By
the above considerations, this can be achieved by exhibiting a singular abelian
surface A with Q(A) = Q because then the Shioda-Inose structure provides a
suitable singular K3 surface X with Q(X) = Q.
Chronologically, the corresponding surjectivity statement for singular abelian
surfaces was already established before Shioda–Inose’s work by Shioda and
Mitani in [33]. Namely, it was shown that any singular abelian surface has
product type. Given the quadratic form Q(A) with coefficients as in (1), the
abelian surface A admits the representation A = E × E′ with the following
elliptic curves given as complex tori Eτ = C/(Z+ τZ):
E = Eτ , τ =
−b+√d
2a
, E′ = Eτ ′ , τ ′ =
b+
√
d
2
.(4)
Note that this representation need not be unique, and in fact there can be
arbitrarily many distinct representations for the same singular abelian surface
(and thus also for singular K3 surfaces).
Example 3.2. The K3 surface X from 3.1 is not a Kummer surface, since T (X)
is not two-divisible as an even lattice. Through the Shioda-Inose structure, X
arises from the self-product of the elliptic curve E√−3 with j-invariant 2
43353.
3.4. Fields of definition. We have seen that every singular abelian surface
A is the product of two elliptic curves with CM in the same field. CM elliptic
curves are well-understood thanks to the connection to class field theory (cf. [28,
§5]). Indeed both curves in (4) are defined over the ring class field H(d). This
field is an abelian Galois extension of the imaginary quadratic field K = Q(
√
d)
with prescribed ramification and Galois group isomorphic to the class group
Cl(d) (see [5, §9]). We recall one way to describe Cl(d): it consists of SL2(Z)-
conjugacy classes of primitive 2× 2 matrices Q as in (1) of discriminant d < 0
together with Gauss composition (cf. [5, §3] for instance). By [28, Thm. 5.7],
H(d) is generated over K by adjoining the j-invariant of E′, or in fact of any
elliptic curve with CM by the given order in K of discriminant d. Here Cl(d)
acts naturally as a permutation on all these CM elliptic curves – abstractly on
the complex tori, but also in a compatible way through the Galois action on
H(d) permuting j-invariants.
Shioda–Inose used these CM properties to deduce that any singular K3 surface
is defined over some number field. Namely, the Kummer quotient X ′ respects
the base field (a property that we will exploit in Section 4). Hence the only
step in the Shioda-Inose structure that may require increasing the base field
concerns the elliptic fibration with a fibre of type II∗.
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Subsequently Inose exhibited an explicit model for X over a specific extension
of H(d) in [10]. This model is expressed purely in terms of the j-invariants j, j′
of the elliptic curves E,E′ from (4):
X : y2 = x3 − 3At4x+ t5(t2 − 2Bt+ 1),(5)
where A3 = jj′/126, B2 = (1 − j/123)(1 − j′/123). Thus we know that any
singular K3 surface X of discriminant d admits a model over a degree six exten-
sion of H(d). In [20, Prop. 4.1] it was then noted that the above fibration can
be twisted in such a way that it is defined over H(d) (cf. (14) in case AB 6= 0):
Theorem 3.3. Let X be a singular K3 surface of discriminant d. Then X has
a model over the ring class field H(d).
In practice, the given field of definition can be far from optimal, that is, X
may admit a model over a much smaller number field. In fact, the modularity
converse in [6] required to exhibit models of singular K3 surfaces over Q where
the ring class field had degree as large as 32 over Q. We can already detect
a similar behaviour on the level of the elliptic curves E,E′ in (4): because of
the Galois action of the class group Cl(d), the elliptic curve E′ can at best
be defined over a quadratic subfield of H(d). The factor E, however, may be
defined over Q even for large d by inspection of the denominators in (4).
3.5. Ne´ron-Severi group. In the remainder of this section, we derive an im-
portant intermediate result for the proof of Theorem 2.4. The remaining steps
will be done in Section 4 (cf. 4.6). We have recalled in Theorem 3.3 that any
singular K3 surface X admits a model over the ring class field H(d). Here d
denotes the discriminant of T (X) as usual. It remains to show that there always
is a model of X with NS(X) defined over H(d) as well.
The basic idea for the proof is to work with a model of Inose’s pencil (5) over
H(d) as in the proof of [20, Prop. 4.1]:
X : y2 = x3 + at4x+ t5(b2t
2 + b1t+ b0), a, bi ∈ H(d).(6)
Note that fibres of type II∗ do not admit any inner Galois action (i.e. on fibre
components). Hence these two singular fibres of X together with the zero
section generate a sublattice U + 2E8(−1) ⊂ NS(X) that is fully defined over
the base field H(d). It remains to study the Galois action on the remaining
generators of NS(X) (there are two generators remaining, since ρ(X) = 20).
Looking at the other reducible singular fibres, we distinguish four cases as in
3.2:
Lemma 3.4. If the singular K3 surface X admits an Inose pencil (5) of MW-
rank at most one, then X has a model with NS(X) defined over H(d).
Proof. For the last two surfaces in Table 1 (MW-rank zero), there are explicit
models with NS(X) defined over Q (cf. [22, §10]). For the case of MW-rank
one with an I2 fibre, it is also easy to see that NS(X) can be defined over
L = H(d). The fibre does not admit any Galois action, since the identity
component is fixed by Galois. By the formula of Shioda-Tate, the Mordell-Weil
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Reducible fibres other than II∗ rank(MW) case
− 2 E 6∼= E′,
I2 1 E ∼= E′, j(E) 6= 0, 123,
2I2 0 E ∼= E′, j(E) = 123,
IV 0 E ∼= E′, j(E) = 0.
Table 1. Singular fibres and MW-rank of Inose’s pencil
group has rank one. The Mordell-Weil generator P can only be either fixed or
mapped to its inverse by Galois. But if the latter is the case, then the section
P is defined over some quadratic extension of L. More precisely, it is given in
x, y-coordinates as P = (U,
√
γV ) for some γ ∈ L,U, V ∈ L(t). Consider the
quadratic twist of X with respect to this quadratic extension of L:
γy2 = x3 + at4x+ t5(b2t
2 + b1t+ b0).
This is an alternative model of the fixed elliptic fibration (6) on X over L
such that both models become isomorphic over L(
√
γ). This quadratic twist
transforms the section to (U, V ) (defined over L) without introducing any Galois
action on the singular fibres (since they only have types I1, I2, II, II
∗). Thus
the Ne´ron-Severi group of the new model of X is defined over L = H(d). 
Remark 3.5. If T (X) is primitive and lies in the principal genus, then it is
possible to replace the CM-curves E,E′ by opposite Galois conjugates that are
isomorphic: Eσ ∼= (E′)σ−1 . By [20, §6] (which combines [28] and [33]), one
has T (Eσ × (E′)σ−1) = T (E × E′). According to Table 1, the induced Inose
pencil on X has MW-rank one. By Lemma 3.4 this produces a model of X
with NS(X) defined over H(d).
3.6. Mordell-Weil lattices. A similar argument goes through for almost all
instances of the case where E 6∼= E′. Here we can argue with the Mordell-Weil
lattice MWL(X) of the fibration. In general, the Mordell-Weil lattice of an
elliptic surface S → C with section was defined by Shioda in [29] as follows.
In NS(S) consider the trivial lattice Triv(S) generated by the zero section and
fibre components. By [29, Thm. 1.3] there is an isomorphism
MW(S) ∼= NS(S)/Triv(S).
The torsion in MW(S) is contained in (and determined by) the primitive closure
Triv(S)′ of Triv(S) inside NS(S). The quotient MW(S)/MW(S)tor is endowed
with a lattice structure by means of the orthogonal projection ϕ in NS(S)Q
with respect to Triv(S). Here tensoring with Q is required unless Triv(S)′ is
unimodular. By construction ϕ(MW(S))(−1) is a positive definite, though not
necessarily integral lattice that one refers to as Mordell-Weil lattice MWL(S).
The Mordell-Weil lattice satisfies functorial properties for base change and Ga-
lois actions. For details the reader is referred to [29] or the survey paper [23].
In the present situation the only reducible fibres have type II∗. The non-
identity fibre components generate the root lattice E8(−1), so Triv(X) = U +
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2E8(−1). Hence MWL(X) is a positive definite even integral lattice of rank
two that fits into the decomposition
NS(X) = U + 2E8(−1) +MWL(X)(−1).
Since Triv(X) is unimodular, the discriminant forms of NS(X) and MWL(X)
agree up to sign. By [15, Cor. 1.9.4], this implies that T (X) and MWL(X) lie
in the same genus (or in the same isogeny class).
3.7. Binary even quadratic forms. To understand the possible Galois ac-
tions on MWL(X), we shall need a simple observation about the automorphisms
of such lattices. It will be phrased in terms of the corresponding quadratic form
Q as in (1). Multiplication by ±1 gives the trivial automorphisms of Q; any
other automorphism will be called non-trivial. The problem whether Q ad-
mits non-trivial automorphisms depends on its order in the class group of even
positive definite binary quadratic forms with given discriminant and degree of
primitivity:
Lemma 3.6. The positive-definite quadratic form Q admits a non-trivial au-
tomorphism if and only if it is two-torsion in its class group.
The proof is elementary, so we will omit it here although we did not find a
concise reference. For later use, we shall give the possible automorphism groups.
Recall that any quadratic form Q as in (1) can be transformed by conjugation
in SL2(Z) to a reduced form where the coefficients satisfy −a < b ≤ a ≤ c (and
b ≥ 0 if a = c). The inverse of a quadratic form is obtained by replacing b by
−b. A reduced quadratic form is two-torsion if and only if
b = 0 or a = b or a = c.
We obtain the following non-trivial automorphism groups where D2n denotes
the dihedral group of order 2n:
Q
(
2a 0
0 2c
) (
2a a
a 2c
) (
2a b
b 2a
) (
2a 0
0 2a
) (
2a a
a 2a
)
a < c a < c 0 < b < a
Aut(Q) (Z/2Z)2 (Z/2Z)2 (Z/2Z)2 D8 D12
Table 2. Quadratic forms with non-trivial automorphisms groups
3.8. Intermediate step. We conclude this section with an intermediate result
towards the proof of Theorem 2.4. In the next section, we will use the Shioda-
Inose structure to complete the proof.
Lemma 3.7. In all cases of MW-rank two in Table 1, the model (5) admits a
twist such that there is an H(d)-rational section.
12 KLAUS HULEK AND MATTHIAS SCHU¨TT
Proof. If the automorphism group of MWL is only two-torsion, then the lemma
follows after a quadratic twist for one of the MW generators. This leaves the
cases of the last two quadratic forms in Table 2. Here the class number of Q
is one. Hence T (X) has exactly the intersection form Q. In the Shioda-Inose
structure, we can choose E by (4) with j-invariant j = 123 resp. j = 0. The
extra automorphism of E induces an extra automorphism on X that respects
the elliptic fibration (5):
(x, y, t) 7→ (−x, iy,−t) resp. (x, y, t) 7→ (̺x, y, t)
where ̺, i denote primitive third resp. fourth roots of unity. The respective
automorphism makes MWL(X) into a module of rank one over Z[i] resp. Z[̺].
This identification is compatible with the Galois action over H(d), since the
automorphisms are defined over H(d). Hence it suffices to study the Galois
action on the given modules of rank one. Their only automorphisms are the
units in Z[i] resp. Z[̺], i.e. the group of fourth resp. sixth roots of unity. On the
elliptic curves with CM by these rings, it is well-known that such a Galois action
can be accounted for by biquadratic or sextic twisting (see [34, §II, Example
10.6 & Exercises 2.33, 2.34] or [21, §8]). Thanks to the special shape of the
present Weierstrass form (5) with A = 0 or B = 0, this translates directly into
twists of X. Thus there is a twist with MWL(X) defined over H(d). 
Remark 3.8. If MWL admits no non-trivial automorphisms, then Lemma 3.7
already settles Theorem 2.4 completely. By the proof of Lemma 3.7, this also
holds for MWL with non-abelian automorphism group (the last two entries in
Table 2). It is the two-torsion cases of Table 2 that require an extra argument.
In the next section, we will use the Shioda-Inose structures and study Kummer
surfaces of product type in detail. In this case, although we may not have
any automorphisms on the Kummer surface to relate the MW-generators, we
can use the endomorphisms of the abelian surface instead. This approach will
enable us to complete the proof of Theorem 2.4 in 4.6.
4. Singular Kummer surfaces of product type
Let E,E′ be isogenous complex elliptic curves with CM. Then the abelian
surface A = E×E′ is singular (ρ(A) = 4)). Let d denote its discriminant (that
is the discriminant of T (A)). Then E,E′ have models over the ring class field
H(d) (obtained from the CM-field by adjoining the j-invariants).
Throughout this section, we only consider the case where E 6∼= E′ (MW-rank
two) and no j-invariant equals 0 or 123 (no extra automorphisms). The same
results hold in the other cases, but we would have to distinguish more subcases
and also consider biquadratic/sextic twisting etc. Note that for the excluded
cases we have already given a full proof of Theorem 2.4 in Lemma 3.4 (for
E ∼= E′) and in the proof of Lemma 3.7 (for j or j′ ∈ {0, 123}; cf. Remark 3.8).
Thus the cases considered explicitly in this section will suffice to complete the
proof of Theorem 2.4.
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4.1. Consider the Kummer surface X ′ = Km(A). Recall the isotrivial elliptic
fibrations on X ′ that are induced by the projections onto E and E′ from 3.2.
These are naturally defined over H(d) as follows. Fix Weierstrass models
E : y2 = f(x), E′ : y2 = g(x)(7)
with cubic polynomials f, g ∈ H(d)[x]. Then X ′ admits a birational model
X ′ : f(t)y2 = g(x)(8)
with the structure of an elliptic curve over the function field H(d)(t). We
denote the corresponding elliptic fibration by the pair (X ′, π). This fibration
has singular fibres of type I∗0 at ∞ and at the zeroes of f(t). Over Q¯ we have
MW(X ′, π) = Z2 × (Z/2Z)2 with torsion sections given by the roots of g(x).
Proposition 4.1. The elliptic fibration (X ′, π) admits a model over H(d) such
that MW is generated by two-torsion and sections defined over H(d). In par-
ticular, MWL is generated by sections defined over H(d).
Proof. By the Shioda-Tate formula, the Mordell-Weil lattice has rank two since
ρ(X ′) = 20. Due to the singular fibre types MWL(X ′, π) will not be integral,
but it is positive-definite. Hence the results from 3.7, 3.8 apply directly to prove
the claim with the exception of the first three special cases from Table 2. Here
we pursue an alternative uniform approach based on the fact that as in Lemma
3.7 we can find a quadratic twist with at least one MW-generator P over H(d).
The crucial ingredient is the following lattice isomorphism which Shioda estab-
lished in [31, Prop. 3.1]:
Hom(E,E′) ∼= MWL(X ′, π).(9)
Here Hom(E,E′) is endowed with a norm given by the degree. The isomor-
phism takes a homomorphism φ : E → E′ as input. Via its graph Γφ in A
and the image Γ¯φ in X
′, one associates to φ the element R¯φ in MWL(X ′, π)
corresponding to Γ¯ϕ under the orthogonal projection NS(X
′) → MWL(X ′, π)
(see 3.6).
In [31] Shioda worked over an algebraically closed field, so that the isomorphism
(9) is independent of the chosen model. However, for the specified models in
(7), (8) the isomorphism (9) is clearly Galois-equivariant.
Following Lemma 3.7, we apply a quadratic twist on X ′ such that there is an
H(d)-rational section P (non-torsion). That is, for some c ∈ H(d) we consider
the H(d)(
√
c)-isomorphic model
X ′ : cf(t)y2 = g(x).
In terms of the elliptic curves E,E′, this is accounted for by twisting one elliptic
curve by
√
c, say:
E : y2 = f(x), E′ : cy2 = g(x).(10)
For these models, the isomorphism (9) is by construction again Galois-equivariant.
Hence the section P corresponds to a homomorphism φ : E → E′ over H(d).
Now pick any endomorphism ǫ of E′ that is not multiplication by an integer.
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By CM-theory, ǫ is defined over H(d), and together φ, ǫ ◦φ generate the lattice
Hom(E,E′) up to finite index. In conclusion, (9) gives a section Rǫ◦φ over H(d)
that is independent of P . By construction, these sections generate MWL(X ′, π)
up to finite index. Proposition 4.1 thus follows. 
4.2. Ne´ron-Severi group of Kummer surfaces. We collect a few conse-
quences of Proposition 4.1. We start with a version of Theorem 6.3 for singular
Kummer surfaces. Note that since T (X ′) = T (A)(2), the Kummer surface X ′
has discriminant 4d.
Corollary 4.2. The singular Kummer surface X ′ has a model over H(d) with
NS(X ′) defined over H(4d).
Proof. Fix the model of the elliptic fibration (X ′, π) from Proposition 4.1 with
MW-rank two over H(d). In order to generate NS(X ′), we have to add to
these H(d)-rational sections the two-torsion sections and the components of
the I∗0 fibres. These rational curves are defined over the splitting field of the
polynomials f(t), g(x) over H(d). That is, we adjoin to H(d) the x-coordinates
of the two-torsion points of E and E′. By the analogue of the Kronecker-
Weber theorem for imaginary quadratic number fields [34, §II Thm. 5.6], these
algebraic numbers generate exactly H(4d) over H(d). 
4.3. Isogenous CM-elliptic curves. Before continuing with the proof of The-
orem 2.4, we note another implication of Proposition 4.1. Here we are concerned
with the field of definition of the isogeny between E and E′. By the classical
theory, any two elliptic curves with CM in the same field K have models over
some minimal ring class field H; moreover they are isogenous over Q¯. Here we
ask whether they admit H-isogenous models, i.e. models over H with isogeny
defined over H as well. When the CM-curves are Q-curves, this property comes
for free, but this situation does not always persist (cf. Remark 4.4). The follow-
ing result might be well-known to the experts, but we could not find a reference.
Corollary 4.3. Let E,E′ be elliptic curves with CM by orders in the same
imaginary quadratic field K. Let H = K(j(E), j(E′)). Then E,E′ have H-
isogenous models.
Proof. We can start with any two Weierstrass forms over H as in (7). The
proof of Proposition 4.1 exhibits a quadratic twist of E′ with a non-trivial
homomorphism φ : E → E′. 
Remark 4.4. Corollary 4.3 only seemingly conflicts with a result of Gross [8,
§11]. Namely, Gross found that there are CM-elliptic curves which are not Q-
curves, i.e. E is not H-isogenous to all its conjugates. Here we let E′ = Eσ be a
conjugate of E. If E,Eσ are not H-isogenous (so that E is not a Q-curve), then
Corollary 4.3 provides us with a quadratic twist of Eσ which is H-isogenous to
E. But then the quadratic twist of Eσ and E are not conjugate anymore, so
there is no contradiction to E’s failure of being a Q-curve.
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4.4. Auxiliary elliptic fibration. Recall the singular K3 surface X with In-
ose’s elliptic fibration (5). By [30] the quadratic base change t = u2 recovers the
Kummer surface X ′. Since X also dominates X ′ by the Shioda-Inose structure,
Shioda alluded to this picture as X being sandwiched by the Kummer surface
X ′. In the base change, the two fibres of type II∗ are replaced by fibres of type
IV ∗. Let us explain how to find this base changed fibration on the previous
model of X ′:
X ′ : cf(t)y2 = g(x).
Projection onto the affine coordinate u = y endows X ′ with the structure of an
elliptic fibration π′ since the fibres are plane cubics in x, t. Write (X ′, π′) for X ′
with this fixed elliptic fibration. Visibly (X ′, π′) is the quadratic base change
of the rational elliptic surface S′ obtained by setting u2 = v. S′ has singular
fibres of type IV at v = 0,∞; in X ′ they are replaced by fibres of type IV ∗
as alluded to before. Here S′ is given as a cubic pencil whose base points form
sections. Recall that these sections are all defined over H(4d).
By base change MWL(S)(2) embeds into MWL(X ′, π′). Consider the orthogo-
nal complement
L = [MWL(S′)(2)]⊥ ⊂ MWL(X ′, π′).
By construction, L is exactly the invariant sublattice of MWL(X ′, π′) for the
involution corresponding to the base change X ′ → X, i.e. L = MWL(X)(2).
Over Q¯ (or in fact algebraically closed fields of characteristic 6= 2, 3), Shioda
used a similar argument as for the isomorphism (9) to derive an isomorphism
L ∼= Hom(E,E′)(4), so that MWL(X) ∼= Hom(E,E′)(2).(11)
Compared to the previous argument that gave (9), there is one subtlety here:
For φ ∈ Hom(E,E′), the orthogonal projection onto LQ maps the divisor Γ¯φ
to 12L. This holds true since the quotient MWL(X
′, π′)/(L + L⊥) need not
be trivial (hence we tensor L with Q a priori), but due to the quadratic base
change the quotient is always isomorphic to a finite number of copies of Z/2Z.
Now instead of Γ¯φ, one takes the image of the divisor 2Γ¯φ in L. Computing
intersection numbers using the theory of Mordell-Weil lattices, Shioda verifies
the isomorphism (11). In our setting, the main problem is to find models which
make the isomorphisms (11) Galois-equivariant over a suitable field.
4.5. Galois-equivariance. We know that E,E′ admitH(d)-isogenous models,
so that Hom(E,E′) is generated by isogenies over H(d). The elliptic fibration
π′ on X ′ is defined over H(d) as well, but in order to endow it with a section (a
base point of the cubic pencil), we may have to increase the base field to H(4d).
This makes the isomorphisms in (11) for the specified models Galois-equivariant
over H(4d). For X, however, we need a model with MWL over H(d), so we
have to throw in some more information. We distinguish two cases according to
the degree h of the Galois extension H(4d)/H(d). Note that with the Legendre
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symbol (·/2) at 2, one obtains from the class number formula
h = deg(H(4d)/H(d)) =


1, (d/2) = 1 or d = −3,−4;
2, 2 | d, d 6= −4;
3, (d/2) = −1, d 6= −3.
4.5.1. First case: h = 1, 2. This case is very simple. By assumption, both
polynomials f, g have a root over H(d). A base point of the cubic pencil gives
an H(d)-rational section of the elliptic fibration (X ′, π′). Due to the singular
fibre types and the involution u 7→ −u, we obtain a Weierstrass form
X ′ : y′2 = x′3 − 3au4x′ + u4(b2u4 − 2b1u2 + b0).(12)
As quotient by the base change involution u 7→ −u of X ′ → S′ composed
with the hyperelliptic involution y′ 7→ −y′, we obtain a model of X over H(d).
Compared to (5), this Weierstrass form is not yet normalised with respect to
b0, b2.
By construction, the isomorphisms (11) are H(d)-Galois equivariant for these
specific models of E,E′,X ′,X. That is, we have exhibited a model of X over
H(d) with fibration of type (5) and MW-rank two over H(d). It follows that
this model has NS(X) defined over H(d).
4.5.2. Second case: h = 3. In this case, we compare two Q¯-isomorphic models
that we denote by X1,X2. From (12), we obtain a model over H(4d) as quotient
by the Nikulin involution (x′, y′, u) 7→ (x′,−y′,−u):
X1 : y
′2 = x′3 − 3au4x′ + u5(b2u2 − 2b1u+ b0)(13)
with MWL(X1) defined over H(4d) by the Galois-equivariant isomorphism (11).
From (5), we derive a model over H(d)
X2 : y
2 = x3 − 3c2B2A3t4x+ c3B2A3t5(B2t2 − 2B2t+ 1).(14)
Here B2, A3 ∈ H(d) as given in 3.2. By Lemma 3.7, we can choose c ∈ H(d) in
such a way that X2 has an H(d)-rational section P and an orthogonal section Q
defined over some quadratic extension M of H(d). We assume that M 6= H(d)
and derive a contradiction from the above two models. Essentially, this works
because we compare a quadratic and a cubic extension of H(d).
By assumption, we can choose Q anti-invariant under conjugation in M/H(d)
(so that P,Q generate MW(X2) up to finite index). Hence there are rational
functions xQ, yQ ∈ H(d)(t) and some constant cQ ∈ H(d) such that
Q = (xQ,
√
cQyQ) and M = H(d)(
√
cQ).
We work out an isomorphism of the two elliptic fibrations X1,X2. This can
only take the shape
(x, y, t) 7→ (x′, y′, u) = (γα2x, α3γ3/2y, αt).(15)
Thus we require
a = γ2(c2B2A3), b1 = γ
3(c3B4A3), αb2 = γ
3(c3B4A3), b0 = αγ
3(c3B2A3).
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The first two relations give γ = b1/(acB
2) ∈ H(4d), so that also α ∈ H(4d).
The section P on X2 with H(d)-rational y-coordinate yP (t) pulls back to a
section P1 with y
′-coordinate γ3/2α3yP (αt). By construction, P1 is H(4d)-
rational, so γ3/2 ∈ H(4d). But here H(4d) has degree three over H(d), so
γ3/2 ∈ H(d). In other words, the isomorphism (15) is defined over H(4d).
In consequence, Q pulls-back to a section on X1 with y
′-coordinate √cQ times
an H(4d)-rational function. The same argument as for γ3/2 then shows that√
cQ ∈ H(d). This gives the required contradiction.
4.6. Proof of Theorem 2.4. We collect all results necessary to prove Theorem
2.4. Let X be a singular K3 surface of discriminant d. We decided to work
with Inose’s pencil over H(d) as in (14). Thus it suffices to check the field of
definition of MW(X) to verify Theorem 2.4. In many cases, this was achieved
in Lemma 3.4 or in the intermediate Lemma 3.7 (as explained in Remark 3.8).
For the remaining K3 surfaces, we considered the Kummer surface X ′ from the
Shioda-Inose structure that actually sandwichesX (4.4). Note that for Kummer
surfaces we exhibited a proof of Theorem 2.4 that only uses the techniques from
Lemma 3.7 (Proposition 4.1, Corollary 4.2). Thanks to the interplay between
H(d) and H(4d), this suffices to deduce that MW(X) is defined over H(d) by
4.5. This completes the proof of Theorem 2.4. 
5. Enriques surfaces of base change type
This section provides a technique to construct explicit examples of Enriques
surfaces whose covers are singular K3 surfaces. In the sequel, we refer to them
as singular Enriques surfaces. The main idea is to invoke the base change
construction from [9, §3] for singular K3 surfaces. We will review the concept
in 5.2 and then relate it to the Shioda-Inose structures from 3.2.
5.1. Singular K3 surfaces with Enriques involution. Our first problem
concerns K3 surfaces: Which singular K3 surfaces admit an Enriques involu-
tion? Keum’s result [11] gives a partial answer for all singular K3 surfaces that
are Kummer surfaces (i.e. with transcendental lattice two-divisible). The full
problem can also be solved by purely lattice-theoretic means in terms of the
transcendental lattice. In fact, one finds that the discriminant almost suffices
to reach a decision: it suffices for non-Kummer surfaces while for Kummer sur-
faces we know the answer anyway from [11]. Serto¨z gave the solution in [24],
based on the techniques developed by Keum [11]:
Theorem 5.1. Let X be a singular K3 surface of discriminant d. Then X does
not admit an Enriques involution exactly in the following cases:
(i) d ≡ −3 mod 8,
(ii) d = −4,−8,
(iii) d = −16 and X is not Kummer, i.e. Q(X) = diag(2, 8).
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Note that the discriminants in case (ii) determine unique singular K3 surfaces
up to isomorphism. In case (iii), we have to exempt the Kummer surface
Km(Ei × Ei) with transcendental lattice of intersection form Q = diag(4, 4)
which admits an Enriques involution by [11].
Serto¨z’ proof is purely lattice theoretic and based on machine computations. In
particular, for those singular K3 surfaces admitting some Enriques involution,
it does not give any explicit geometric description of any such involution. Here
we shall combine the ideas from [9, §3] and Section 3 to derive explicit Enriques
involutions on almost all singular K3 surfaces possible according to Theorem
5.1.
5.2. Enriques involutions of base change type. We start by reviewing the
set-up from [9, §3]:
S Rational elliptic surface
f quadratic base change of P1 (not ramified at non-reduced fibres of S)
X base change of S by f : K3 surface
ı base change involution
(−1) hyperelliptic involution
⊞P translation by a section P ∈MW(X)
In this situation, the composition  = ı ◦ (−1) defines a Nikulin involution
on X, i.e.  has eight isolated fixed points and leaves the holomorphic two-
form invariant. The quotient X/ has a resolution X ′ that is again K3. X ′ is
the quadratic twist of S at the ramification points of the base change f : The
induced action of ı and  gives a decomposition of MW(X) up to some 2-power
index:
MW(X)Q ∼= MW(S)Q +MW(X ′)Q.(16)
Let P ′ ∈ MW(X ′) and P denote the induced section on X. By construction,
P is anti-invariant for ı∗. In consequence, ⊞P ◦ ı defines an involution τ on X.
By definition, this involution can only have fixed points on the fixed fibres of ı.
If these fibres are smooth, one has
Fix(τ) = ∅ ⇐⇒ P ∩O ∩ Fix(ı) = ∅.
The latter condition can be checked with P ′ on the ramified fibres of X ′ (gen-
erally of type I∗0 ). Here P
′ has to meet non-identity components.
Example 5.2. The prototype example for this construction is a two-torsion sec-
tion P induced from X ′ (or equivalently from S since two-torsion is not affected
by quadratic twisting). Outside characteristic two, such a section is always dis-
joint from O. For τ to have fixed points, one of the ramified fibres has to be
singular such that it is additive or P meets the identity component.
The latter occurs for Example 3.1: There is exactly one two-torsion section
induced from S. This section (t − 1, t − 1) meets both ramified fibres (at
0 and ∞) at their identity components. The other two-torsion sections are
interchanged by ı (which is why (16) only holds after tensoring with Q).
ARITHMETIC OF SINGULAR ENRIQUES SURFACES 19
5.3. We ask which singular K3 surfaces admit an Enriques involution of base
change type. For now we only exclude 62 or 63 singular K3 surfaces as specified
in Exception 5.5 (62 assuming some special cases of ERH, see 5.5).
Proposition 5.3. Let X be a singular K3 surface admitting an Enriques invo-
lution. Assume that X is not among the 62 or 63 K3 surfaces from Exception
5.5. Then X has an Enriques involution τ of base change type where the Nikulin
quotient X ′ is a Kummer surface.
The proof of the proposition will be given in sections 5.5 and 5.6. It is based on
the Shioda-Inose structure of singular K3 surfaces to that we will return next.
One word about Exception 5.5: we do not believe this exception to be necessary,
but we have not found a general argument to overcome it (cf. Remark 5.6). To
illustrate this, we will show in 5.7 that Example 3.1 which falls under Exception
5.5 does indeed admit an Enriques involution of base change type (but we did
not check whether the quotient X ′ is a Kummer surface).
5.4. Enriques involutions and Shioda-Inose structures. Let E,E′ denote
elliptic curves and consider the corresponding Shioda-Inose structure as in 3.2.
Then X ′ = Km(E ×E′) admits an Enriques involution by [11], but how about
the K3 surface X from 3.2 that recovers the transcendental lattice of the abelian
surface E × E′?
If E and E′ are not isogenous, then X has Picard number ρ(X) = 18 and the
fibration (5) of Mordell-Weil rank zero yields
NS(X) = U + 2E8(−1).
This lattice does not admit any primitive embedding of the Enriques lattice
U(2) + E8(−2) because of the 2-length. Hence the K3 surface X cannot have
an Enriques involution. We now consider the case whereE and E′ are isogenous,
possibly with CM.
Here is our main tool to construct explicit Enriques involutions: the Shioda-
Inose structure falls under the settings studied in 5.2. We already chose the
notation to indicate this: there is a K3 surface X with a Nikulin involution
yielding the Kummer surface X ′. Conversely, X is obtained from X ′ by a
quadratic base change. In terms of the elliptic fibration (5) on X, the Nikulin
involution is given as
 : (x, y, t) 7→ (x/t4,−y/t6, 1/t).
Thus the quotient X/ attains singularities in the fibres at t = ±1 whose min-
imal resolution is X ′. In general, the quotient results in fibres of type I∗0 , but
there are other possibilities as sketched in 3.2. Concretely, there is another
involution corresponding to the base change P1 → P1 induced by X → X ′:
ı =  ◦ (−1) : (x, y, t) 7→ (x/t4, y/t6, 1/t).
The quotient X/ı gives a rational elliptic surface S. It extends the Shioda-Inose
structure to the following diagram (where we could also add the induced elliptic
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fibrations):
E × E′
((Q
Q
Q
Q
Q
Q
X
wwp
p
p
p
p
p
p

>
>
>
>
Km(E × E′) = X ′ S
By construction, S has a singular fibre of type II∗. From the Shioda-Tate
formula [29, Cor. 5.3], it follows that S is extremal, i.e. it has finite Mordell-Weil
group. Since a singular fibre of type II∗ does not admit any torsion sections
(of order relatively prime to the characteristic), we infer that MW(S) = {O}.
By [29, Prop. 8.12] (cf. (16)), this implies that
MWL(X) = MWL(X ′)(2).
Hence as soon as the Mordell-Weil rank of X is positive, there is a section P
(induced from X ′) and an involution τ as in 5.2. In order to exhibit an Enriques
involution onX, it remains to determine whether τ is fixed point free. In general
there are three cases of positive Mordell-Weil rank to be distinguished according
to the types of singular fibres. For non-singular K3 surfaces, i.e. Mordell-Weil
rank one with E 6∼= E′ and ρ = 19, this has been done in [9, §4.2] (without
referring to Shioda-Inose structures). The property whether τ is fixed point
free or not depends on the parity of the height of the Mordell-Weil generator
modulo 4. In the next sections, we will treat the singular cases and thus prove
Proposition 5.3.
Remark 5.4. There is a natural continuation of this connection between En-
riques involutions of base change type and Shioda-Inose structures. Recall from
Section 4 that the K3 surface X is sandwiched by the Kummer surface X ′ in the
following sense: X ′ can also be recovered from X by the quadratic base change
u 7→ t = u2 applied to (5). As in 5.2, each section of X induces an involution
τ of base change type on the Kummer surface X ′. Here we ask whether τ is
an Enriques involution. We have seen that the base change replaces the fibres
of type II∗ by type IV ∗ (so these are fixed by τ). However, none of these fibre
types admits a free involution, so there cannot be an Enriques involution on X ′
as in 5.2 for the specified base change.
5.5. Mordell-Weil rank one and E ∼= E′. In this case, E is a CM elliptic
curve with j(E) 6= 0, 123. The elliptic fibration (5) on X has exactly one
reducible fibre of type I2 at t = 1 in addition to the two fibres of type II
∗.
Together with the Mordell-Weil generator P , we can write
NS(X) = U + 2E8(−1) + 〈A1(−1), P 〉.
We consider two cases according to the intersection behaviour of the section P
and the fibre of type I2.
If P meets the non-identity component of the I2 fibre, then P has height
h(P ) = 4 + 2(P · O)− 1/2.
Equivalently, the discriminant d = −2h(P ) of X is odd. Clearly, P and O do
not intersect on the I2 fibre which is one of the two fixed fibres of the base
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change involution ı. Here translation by P exchanges the fibre components
including the nodes, so it acts freely on the singular fibre. It remains to check
for the specialisation of P on the other fixed fibre at t = −1. Note that P is
induced from a section P ′ on the Nikulin quotient X ′, so
P ·O = 2(P ′ ·O′) + #P ∩O ∩ Fix(ı).
Since P and O can only possibly intersect on the irreducible fixed fibre of ı at
t = −1, the parity of the intersection number P ·O depends only the intersection
behaviour at that fibre. In consequence, the discriminant d of X satisfies the
congruence
d ≡ −7 mod 8⇐⇒ P ∩O ∩ Fix(ı) = ∅ ⇐⇒ Fix(τ) = ∅.
In comparison, Theorem 5.1 states that a singular K3 surface of odd discrim-
inant d admits an Enriques involution if and only if d ≡ −7 mod 8. This
proves Proposition 5.3 for all odd discriminants and MW rank one cases. (As
explained in 3.8 such fibrations exist on X if and only if the transcendental
lattice is primitive and lies in the principal genus.)
We now consider the case where X has even discriminant, i.e. the section P
meets the identity component of the I2 fibre. Then τ fixes both fibre compo-
nents. As they are isomorphic to P1, there are fixed points. (In fact one can
see that τ fixes one component pointwise.) In conclusion, the given elliptic
fibration (5) on X does not admit an Enriques involution of base change type.
This failure to produce an Enriques involution poses the problem how it can
be overcome for the singular K3 surfaces in consideration for Proposition 5.3.
Recall that we are in the special case where the fibration (5) corresponds to
E ∼= E′. The principal idea now is to choose an alternative elliptic fibration of
the same kind on X, but for a pair (E,E′) such that E 6∼= E′ (resembling our
approach in 3.8). Whenever this is possible, the new fibration falls under the
next case of Mordell-Weil rank two, and Proposition 5.3 can be proved along
those lines. Here we can vary the pair (E,E′) by conjugates (Eσ, (E′)σ
−1).
This fails to return a fibration of MW rank two if and only Eσ ∼= Eσ−1 for all
Galois elements σ. Equivalently, the class group is only two-torsion. Note that
E ∼= E′ implies that T (E × E′) = T (X) is primitive and lies in the principal
genus. Since the same applies to all conjugates, we derive the following abstract
characterisation of the singular K3 surfaces where the Shioda-Inose structure
does not produce an Enriques involution of base change type:
Exception 5.5. A singular K3 surface X of even discriminant d does not admit
an elliptic fibration (5) of Mordell-Weil rank two if and only if T (X) is primitive
and gives the full principal genus of its class group. In other words Q(X) =
diag(2, |d|/2) and the class group Cl(d) is only two-torsion.
There are 101 known discriminants d < 0 such that Cl(d) is only two-torsion;
the discriminant of biggest absolute value is d = −7392. By [37], there could
be one more such discriminant of size > 1010, but this is ruled out by the
extended Riemann hypothesis for odd real Dirichlet characters. Out of the 101
known discriminants, 65 are even (they were already studied by Euler, cf. [5])
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and −4,−8,−16 are ruled out by Theorem 5.1, so the above exception concerns
62 or 63 singular K3 surfaces. We consider one of them in detail in 5.7 after
completing the proof of Proposition 5.3..
Remark 5.6. For each of the 62 known singular K3 surfaces from Exception
5.5, one could try to exhibit an Enriques involution as in 5.2 for a different
base change than in the Shioda-Inose structure. However, there does not seem
to be a universal way to achieve this. Notably, the general K3 surface X
arising from the Shioda-Inose structure for the present case E ∼= E′ only admits
four essentially different jacobian elliptic fibrations. To see this, one can argue
with a gluing technique of Kneser-Witt that has been successfully applied to
K3 surfaces by Nishiyama in [16]. For these four fibrations, the fibre types
reveal that only (5) and one other fibration can arise through a quadratic base
change. The latter pulls back from the unique rational elliptic surface with
a singular fibre of type I9 and MW = Z/3Z by the one-dimensional family
of quadratic base changes that ramify at the reducible fibre. A case-by-case
analysis (exactly as above) shows that a singular elliptic K3 surface within this
family can only have an Enriques involution of base change type if it does not
fall under Exception 5.5.
5.6. Mordell-Weil rank two. In this case, E and E′ are isogenous, but non-
isomorphic elliptic curves with CM. Both fixed fibres for the base change invo-
lution ı at t = ±1 are smooth. On the Nikulin quotient X ′, they correspond
to fibres of type I∗0 . As explained, the fibration (5) on X has integral even
Mordell-Weil lattice MWL(X) = MWL(X ′)(2) = Hom(E,E′)(2), and
NS(X) = U + 2E8(−1) +MWL(X)(−1).
For an Enriques involution τ on X, we ask that some section P ∈ MWL(X)
meets both fixed fibres at non-identity components. Equivalently, there is a
section P ′ ∈ MWL(X ′) (inducing P ) that meets both ramified fibres (type I∗0 )
at non-identity components.
Assumption: There is no such section P ′ ∈ MWL(X ′). Equivalently, since
the simple components of a fibre admit a group structure, the non-identity com-
ponents of one of the I∗0 fibres are fully avoided by MW(X
′). Correspondingly,
NS(X ′) admits an orthogonal summand D4(−1) which we single out in the
following decomposition:
NS(X ′) = U + E8(−1) +D4(−1) + 〈D4(−1),MWL(X ′)(−1)〉.
Hence the discriminant group of NS(X ′) contains two copies of Z/2Z (coming
from D∨4 /D4). Indeed, since the length is bounded by the rank of the transcen-
dental lattice, i.e. by two, this gives the full 2-part of the discriminant group:
2-part(NS(X ′)∨/NS(X ′)) ∼= D∨4 /D4 ∼= (Z/2Z)2.(17)
Right away, we deduce that NS(X ′) has discriminant d′ equalling four times
an odd integer. By (3), this odd integer is exactly the discriminant d = d′/4
of X. In particular, if d is even, MWL(X ′) cannot fully avoid the non-identity
components of either of the I∗0 fibres. Thus there is a section of the fibration
(5) inducing an Enriques involution τ on X.
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To complete the proof of Proposition 5.3, we return to the case of odd discrim-
inant d. The isomorphism (17) gives an equality of discriminant forms
−qD4 = qD4 =
(
qNS(X′)
) |2-part.
By [15], there is an equality qNS(X′) = −qT (X′). Hence it suffices to compare
the discriminant forms of T (X ′) and D4. In the present situation, T (X ′) has
the quadratic form (
4a 2b
2b 4c
)
with odd b. Hence its discriminant form takes the following values on a set of
representatives of the 2-part of T (X ′)∨/T (X ′):
0, a, c, a + b+ c mod 2Z.
In comparison, qD4 does exclusively attain the value 1 mod 2Z on the non-
zero elements of D∨4 /D4. For T (X
′), this can only happen if all a, b, c are odd.
Equivalently, the discriminant satisfies d ≡ −3 mod 8. This is exactly the
main case excluded by Theorem 5.1.
Conversely, we deduce that a singular K3 surface X admits an Enriques involu-
tion if it has an elliptic fibration (5) of Mordell-Weil rank two and if either d is
even or d ≡ −7 mod 8. The latter can be achieved unless T (X) is primitive and
corresponds to the principal class in its class group which is only two-torsion
(cf. Exception 5.5). This completes the proof of Proposition 5.3.
5.7. Appendix: Example 3.1. In this paragraph, we will show that the sin-
gular K3 surface X from Example 3.1 (which falls under Exception 5.5) does
admit an alternative elliptic fibration with an Enriques involution of base change
type. We will pursue an abstract approach following ideas of Kneser-Witt as
worked out for elliptic K3 surfaces by Nishiyama [16].
Lemma 5.7. X has an elliptic fibration with Z/3Z ⊂ MW and two fibres of
type I9.
Proof. By [16, §6] the elliptic fibrations on X are classified by primitive embed-
dings of a certain partner lattice M of T (X) into Niemeier lattices. Here we
can take M = A1(−1)+A5(−1) sinceM and T (X) have the same discriminant
form. Consider the Niemeier lattice N with root lattice
Nroot = A8(−1)3 and quotient N/Nroot = (Z/3Z)3.
Embedding M primitively into one summand A8(−1), we obtain the essential
lattice of an elliptic fibration of X as orthogonal complement M⊥ ⊂ N . The
singular fibres of this fibration are encoded in the roots ofM⊥, i.e. in (M⊥)root =
A8(−1)2. The torsion in MW for this fibration is isomorphic to the quotient of
the primitive closure of (M⊥)root in N by (M⊥)root, i.e. MWtor ∼= Z/3Z. 
The given elliptic fibration is not isotrivial due to the singular fibres of type
I9. The torsion in MW then implies that X is a base change of the universal
elliptic curve with 3-torsion section and j-invariant not identical zero. This
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elliptic surface has singular fibres I1, I3, IV
∗, so necessarily the base change
factors through the intermediate rational elliptic surface S′ with configuration
I1, I1, I1, I9 and MW(S
′) = Z/3Z. In particular, X arises from S′ by a quadratic
base change. Hence we are in the set-up of 5.2 with base change involution ı
etc.
Now we consider the quadratic twist X ′. It is the desingularisation of the
quotient of X by the Nikulin involution  = ı ◦ (−1). We claim that this
quotient exhibits another Shioda-Inose structure on X:
Lemma 5.8. X ′ is a Kummer surface with T (X ′) = T (X)(2).
Proof. It suffices to prove that  is a Morrison-Nikulin involution, i.e. ∗ ex-
changes two copies of E8(−1) in NS(X). Here we argue with the above elliptic
fibration:  exchanges the two reducible fibres of type I9 and the three-torsion
sections Q,⊟Q. Consider these 20 rational curves on X. Omitting the compo-
nent of one I9 fibre met by Q and the component of the other I9 fibre met by
⊟Q, we find two disjoint configurations of type E˜8(−1) that are interchanged
by . The lemma now follows from [13, Thm. 5.7]. 
The induced elliptic fibration on X ′ has singular fibres I1, I1, I1, I9, I∗0 , I
∗
0 . Since
ρ(X) = 20, both X and X ′ have MW-rank two. In particular, there are plenty
of ı∗-anti-invariant sections on X (induced from X ′). As in 5.2, each such
section gives an involution τ .
Lemma 5.9. There is a fixed-point free involution τ on X as above.
Proof. We verify the claim on X ′ by assuming the contrary. This means that
for one of the I∗0 fibres all non-identity components are avoided by MW(X
′).
As in 5.6, this implies that X ′ has discriminant four times an odd integer. But
we have seen that X ′ has T (X ′) = T (X)(2) with discriminant −48. This gives
a contradiction. 
Remark 5.10. This example also shows that not every singular Enriques surface
arises by the canonical Shioda-Inose structure from 5.4. This fact can also be
seen in terms of Enriques surfaces with finite automorphism group. Kondo¯
classified these exceptional Enriques surfaces in [12]. Some are singular, but do
not admit an elliptic fibration with a II∗ fibre.
5.8. Brauer groups. In [9], we also answered a question by Beauville about
Brauer groups. Namely Beauville asked for explicit examples of complex En-
riques surfaces Y where the Brauer group Br(Y ) ∼= Z/2Z pulls back identically
zero to the covering K3 surface X via the universal cover π : X → Y . He also
raised the question whether such an example exists over Q.
In [9, §5], we gave affirmative solutions for both questions. Our basic objects
were the singular K3 surfaces X with
NS(X) = U + 2E8(−1) + 〈−4M〉+ 〈−2N〉(18)
ARITHMETIC OF SINGULAR ENRIQUES SURFACES 25
where M,N ∈ N and N > 1 is odd. The above decomposition corresponds
to an elliptic fibration (5) on X with MW-rank two. As in 5.2, the section P
of height 4M induces an Enriques involution τ on X. Clearly the orthogonal
section of height 2N gives an anti-invariant divisor for τ∗. By [3], this implies
the vanishing of π∗ Br(Y ).
Previously we determined one surface (for M = 1, N = 3) with a model of
(5) and Enriques involution τ defined over Q. Here we want to point out that
for any other surface X as above, this can be achieved over the class field
H(−8MN) by Theorem 1.1.
6. Classification problems
We conclude this paper by formulating classification problems for singular En-
riques surfaces. In addition to fields of definition, we also consider Galois actions
on divisors. First we review the situation for singular K3 surfaces.
6.1. Obstructions for singular K3 surfaces. Although singular K3 surfaces
can often be descended from the ring class field H(d) to some smaller number
field, there are certain obstructions to this descent. In this section we shall
discuss two of them. The first comes from the transcendental lattice. Since
the Ne´ron-Severi lattice of a general K3 surface is determined by intersection
numbers, it is a geometric invariant, i.e. conjugate surfaces have the same NS.
Since T (X) and NS(X) are related as orthogonal complements in the K3 lattice
Λ, they share the same discriminant form up to sign by [15, Prop. 1.6.1]. In
particular, this fixes the genus of T (X) (sometimes also called the isogeny class).
Theorem 6.1 (Shimada [26], Schu¨tt [20]). Let X be a singular K3 surface
X over some number field. The transcendental lattices of X and its Galois
conjugates cover the full genus of T (X).
This result has an immediate consequence on the fields of definition:
Corollary 6.2. Let X be a singular K3 surface X of discriminant d over a
number field L. Let K = Q(
√−d) and L¯ the Galois closure of L over K.
Denote by G(X) the genus of T (X). Then
#G(X) | degK L.
In particular, one deduces that a singular K3 surface X can only be defined
over Q if the genus of T (X) consists of a single class.
The second obstruction stems from the Galois action on the divisors. Namely,
even if a singular K3 surface X admits a model over a smaller field than H(d),
the ring class field is preserved through the Galois action on NS(X):
Theorem 6.3 (Schu¨tt [22]). Let X be a singular K3 surface of discriminant d
over some number field L. Assume that NS(X) is generated by divisors defined
over L. Then the extension L(
√
d) contains the ring class field H(d).
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In other words, Theorem 2.4 is not far from being optimal: at best, there is a
model with NS(X) defined over a quadratic subfield of H(d).
Theorem 6.3 provides a direct proof of the following natural generalisation
from CM elliptic curves (Shafarevich [25]): Fixing n ∈ N, there are only finitely
many singular K3 surfaces over all number fields of degree bounded by n (up
to complex isomorphism). The problem of explicit classifications, however, is
still wide open. Even in the simplest case, it is not clear yet how many singular
K3 surfaces there are over Q – only that there are many, cf. [6]. In contrast,
the restrictive setting of Theorem 6.3 is much more accessible. For instance
there are exactly 13 singular K3 surfaces up to Q¯-isomorphism with NS defined
over Q. By [22, Thm. 1], they stand in bijective correspondence with the
discriminants d of class number one.
We shall now discuss how these obstructions turn out for singular Enriques
surfaces. Then we formulate analogous classification problems.
6.2. Fields of definition of singular Enriques surfaces. We start by point-
ing out that Theorem 6.1 carries over to singular Enriques surfaces directly.
This fact is due to the universal property that defines the covering K3 surface
X of an Enriques surface Y . Explicitly, X can be defined universally as
X = Spec(OY ⊕KY ).
As this construction respects the base field, the obstructions from Theorem 6.1
on the field of definition of a singular K3 surface X carry over to each singular
Enriques surface that is covered by X. Recall that a K3 surface may admit
(arbitrarily) finitely many distinct Enriques quotients by [17, Thm. 0.1], while
the universal cover associates a unique K3 surface to a given Enriques surface.
Corollary 6.4. Let n ∈ N. There are only finitely many singular Enriques
surfaces over all number fields of degree at most n up to complex isomorphism.
Problem 6.5. The following two questions concern singular Enriques surfaces
up to Q¯-isomorphism:
(1) For n ∈ N, find all singular Enriques surfaces over number fields L of
degree at most n over Q.
(2) Specifically classify all singular Enriques surfaces over Q.
6.3. Galois action on divisors. Upon translating the obstructions for singu-
lar K3 surfaces from 6.1 to singular Enriques surfaces, we have seen in 6.2 that
Theorem 6.1 and its corollary carry over directly to the Enriques quotients.
In contrast, Theorem 6.3 has to be weakened on the Enriques side. Generally
speaking, this weakening is due to the fact that (part of) the Galois action
can be accomodated by a sublattice of NS(X) that is killed by the Enriques
involution. In support of these ideas, we shall review an example from [9] (that
draws heavily from [7]).
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Consider the following family X of elliptic K3 surfaces
X : y2 = x3 + t2x2 + t3(t− a)2x, a 6= 0.(19)
This elliptic fibration has reducible singular fibres of type III∗ at 0 and∞ and
I4 at t = a. The general member has Picard number ρ(X ) = 19 with
MW(X ) = {O, (0, 0)} ∼= Z/2Z.
Note that X is of base change type – apply the base change s = (t − a)2/t to
the rational elliptic surface S with Weierstrass form
S := y2 = x3 + x2 + sx.
As in 5.2, the two-torsion section induces an Enriques involution τ (unless the
other singular fibres degenerate, i.e. unless a = −1/16). Denote the family of
Enriques quotients by Y. We first study the Galois action on Num(Y):
Lemma 6.6. Let Ya ∈ Y (a 6= −1/16). Then Num(Ya) is defined over Q(a).
Proof. Since Num(Ya) is torsion-free, the Galois action on Num(Ya) coincides
with that on the invariant part of NS(Xa). In the present situation, the I4
fibre of X is split-multiplicative, i.e. all fibre components are defined over Q(a).
The same holds trivially for the fibres of type III∗. Together with the sections
O and (0, 0), these rational curves generate NS(Xa)
τ∗ up to finite index. As
this holds regardsless of the Picard number of Xa (being 19 or 20), the lemma
follows. 
Remark 6.7. It is crucial that the lemma holds for all members of the family
Y, i.e. also the singular ones. Compare the situation for singular K3 surfaces
in the family X where Theorem 6.3 will often enforce a Galois action on the
additional generator of NS. For the specialisations over Q with ρ = 20, see 6.5.
6.4. Ne´ron-Severi group. We point out that in this specific setting, Lemma
6.6 gives a stronger statement than Corollary 2.5. The situation gets more
complicated if we consider NS(Y) with its two-torsion because this can admit
a quadratic Galois action. In particular, we can only conjecture an analogue of
Corollary 2.5 for NS(Y ) that is more precise than saying that NS(Y ) is defined
over some quadratic extension of H(d) (Conjecture 6.11).
The main problem here lies in similar subtleties as encountered in the context
of cohomologically and numerically trivial involutions (see [9, §4] and the ref-
erences therein). Namely, to decide about NS(Y ) it is necessary to work out
generators of the full group (see Remark 6.9). We work this out for the family
Y in detail:
Proposition 6.8. Let Ya ∈ Y (a 6= −1/16). Then NS(Ya) is defined over
Q(a,
√−a).
Proof. The next remark will indicate that it is not sufficient to argue with the
elliptic fibration (19) on X . Instead, we consider Inose’s fibration (5) for the
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given family. The following Weierstrass form was derived in [9, §5.3]:
X : y′2 = x′3 + (9a− 1)x′/9 +
(
27
(
u− a
3
u
)
+ 81a+ 2
)
/27.
There is a section P of height 4 (thus disjoint from the zero section) with
x′-coordinate
Px′(u) = (3u
4 + 12u3a+ 6u2a3 + 4u2a2 − 12ua4 + 3a6)/(12a2u2).
The section P is anti-invariant for the base change involution ı of the Shioda-
Inose structure on X :
ı : (x′, y′, u) 7→ (x′, y′,−a3/u).
The base change involution composed with translation by P defines an Enriques
involution τ ′ on X by 5.2. Denote the family of Enriques quotients by Y ′.
By Kondo¯’s classification in [12], Y ′ has finite automorphism group, and in
particular τ and τ ′ are conjugate in Aut(X ) so that Y ∼= Y ′.
We continue by determining an explicit basis of NS(Y ′). The induced elliptic
fibration on Y ′ has a singular fibre of type II∗, a bisection R (the push-down of
O and P ) and two multiple smooth fibres F1 = 2G1, F2 = 2G2. We claim that
these twelve curves generate NS(Y ′). To see this, note that by construction
R meets the simple component of the II∗ fibre twice. The remaining fibre
components form the root lattice of type E8(−1). Orthogonally in NS(Y ′),
we find R,G1, G2. Since R
2 = −2, R · Gi = 1, we know that R,G1 generate
the hyperbolic plane U . Thus we have determined a unimodular lattice L =
U +E8(−1) inside NS(Y ′) – necessarily of index two due to its rank being ten.
Since G2 6∈ L, it follows that L and G2 generate all of NS(Y ′).
We now consider the Galois action on these generators of NS(Y ′a) for some
Y ′a ∈ Y ′. Clearly the II∗ fibre and the bisection R are defined over Q(a). The
multiple fibres sit at the ramification points of the base change on the base
curve P1, i.e. at the roots of u2 + a3. Proposition 6.8 follows and cannot be
improved since the conjugation of Q(
√−a)/Q(a) permutes the multiple fibres
if
√−a 6∈ Q(a), and thus gives a non-trivial Galois action on NS(Y ′a). 
Remark 6.9. Note that the above Galois action is not visible on the elliptic
fibration (19) of X yielding Y. The multiple fibres of the induced elliptic fibra-
tion on Y have different type 2I0, 2I2. Hence they cannot be interchanged by
Galois. Nonetheless there can be a nontrivial Galois action on NS(Ya). This
goes undetected in the above model because the push-down of fibre components
and torsion sections from X to Y generate NS(Y) only up to index two.
6.5. CM-points. Concretely, the family X is parametrised by the Fricke mod-
ular curve X0(2)
+. In [7], we list all Q-rational CM-points. Two of them
give singular K3 surfaces without Enriques involution (discriminant −8 at
a = −1/16 and discriminant −4 at a = 0 for a suitable alternative model
of X ). The other 14 discriminants are:
−7,−12,−16,−20,−24,−28,−36,−40,−52,−72,−88,−100,−148,−232.
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For the discriminants of class number two, the additional section can only be
defined over a quadratic extension of Q by Theorem 6.3. So there are indeed
singular Enriques surfaces with Num defined over Q where the same does not
hold for the covering K3 surfaces. A detailed example where this holds even
for NS is provided by the surfaces at a = −1/144 which corresponds to the
discriminant −24 (as mentioned in 5.8). Details can be found in [9, §5.3]. We
work out one example from the list where Num is defined over Q, but NS is
neither defined over Q nor over H(d):
Example 6.10. The specialisation X with discriminant d = −12 sits at a =
1/9. In terms of the elliptic fibration (19), there is a section of height 3 over
H(d) = Q(
√−3) with x-coordinate −12t3/(9t − 1)2. One finds that X has
transcendental lattice two-divisible, so X is the Kummer surface of E×E for E
with j-invariant zero. In particular X is different from the singular K3 surface
studied in Example 3.1 and 5.7.
The Enriques quotient Y has multiple fibres at ±√−1/27. Compared with
Num(Y ) which is defined over Q, complex conjugation acts on NS(Y ) as non-
trivial Galois action. Note that H(d)(
√−1) = H(4d) in the present situation.
6.6. In the above example (and in fact for all specialisations over Q with
ρ = 20), we have seen that NS(Y ) is defined over the ring class field H(4d).
We conjecture that this is always the case which would give an analogue of
Corollary 2.5:
Conjecture 6.11. Let Y be an Enriques surface whose universal cover X is a
singular K3 surface. Let d < 0 denote the discriminant of X. Then Y admits
a model over the ring class field H(d) with NS(Y ) defined over H(4d).
The above one-dimensional family provides small evidence for this conjecture.
Our main motivation stems from the base change construction of Enriques in-
volutions in the framework of Shioda-Inose structures as investigated in Section
5. By Proposition 5.3, almost every possible singular K3 surface admits such
an Enriques involution. In terms of the model (14), the Enriques quotient Y
attains multiple fibres at the ramification points of the underlying base change,
i.e. at ±2B. Recall from (5) that B2 = (1 − j/123)(1 − j′/123), so there is a
quadratic Galois action on NS(Y ) unless B ∈ H(d). Note that B can be inter-
preted in terms of the Weber function
√
j − 123 where j now denotes the usual
modular function. The values of Weber functions at CM-point have been stud-
ied extensively starting from Weber. In the present situation, Schertz proved
that for singular j-values,
√
j − 123 ∈ H(4d) [19]. This implies:
Lemma 6.12 (Schertz). In the above setting, one has B ∈ H(4d).
We sketch an alternative proof of Lemma 6.12. It is based on a geometric
approach that will also carry information about the Enriques surface Y (and
its elliptic fibration with fibre of type II∗). Consider the Kummer surface X ′
from the Shioda-Inose structure. In general, it has fibres of type I∗0 where Y
has the multiple fibres (if E ∼= E′, there could be fibres of type I∗1 or IV ∗,
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cf. 3.2). By Corollary 4.2, X ′ has a model with NS(X ′) defined over H(4d). In
particular, every elliptic fibration of X ′ can be defined over H(4d) with all of
NS defined there as well. We apply this argument to the elliptic fibration on
X ′ induced from (14):
X ′ : y2 = x3 − 3c2B2A3(t2 − 4B2)2x+ c3B2A3(t− 2B2)(t2 − 4B2)3.(20)
Assume that B 6∈ H(d) and denote L = H(d)(B). By [30], the singular fibres of
X ′ predict the Weierstrass form (20) (in case AB 6= 0) up to Mo¨bius transfor-
mation. This property holds generally for constants A,B, c, but in the present
situation, A and B are related to the j-invariants of E,E′ by (5). Upon apply-
ing Mo¨bius transformations, one can thus show that the above jacobian elliptic
fibration does not admit a model over H(d) without Gal(L/H(d))-action inter-
changing the I∗0 fibres. By Corollary 4.2, one obtains that B ∈ H(4d). This
proves Lemma 6.12.
Corollary 6.13. Conjecture 6.11 holds true for any singular Enriques surface
arising from the Shioda-Inose structure as in Section 5.
The geometric proof of Lemma 6.12 is of particular interest to us, since the
statement about the Galois action on the I∗0 fibres of X
′ carries over to the
multiple fibres of the corresponding elliptic fibration of the Enriques surface Y
and vice versa. Centrally, we use once again that a model of a K3 or Enriques
surface with NS defined over a fixed field has all elliptic fibrations (with or
without section) defined over this field as well. Hence we can move freely
between models and elliptic fibrations. Thus we obtain:
Corollary 6.14. If B 6∈ H(d), then any model over H(d) of the Enriques
surface Y admits a non-trivial Galois action of Gal(H(4d)/H(d)) on NS(Y ).
We have seen an instance of this phenomenon in Example 6.10. The same
reasoning implies a non-trivial action of Gal(Q(a,
√−a)/Q(a)) on NS(Ya) for
all Q(a)-models of members Ya of the family Y.
The above results allow us to draw an analogy to the study of automorphisms of
Enriques surfaces (cf. [2], [14]). Namely we have exhibited two kind of singular
Enriques surfaces over H(d) – one with cohomologically trivial Galois action
and one with numerically, but not cohomologically trivial Galois action.
6.7. We conclude this paper with the corresponding classification problem for
singular Enriques surfaces. Note that by the above reasoning, at least the
second problem is more complicated than for K3 surfaces (as solved in [22]).
Problem 6.15. The following two questions concern singular Enriques surfaces
either up to Q¯- or up to L-isomorphism:
(1) For a given number field L (or all number fields of bounded degree),
classify all singular Enriques surfaces with Num or NS defined over L.
(2) Determine all singular Enriques surfaces over L = Q with trivial Galois
action on Num or NS.
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